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FOBUST PROJECTION PURSUTT ESTINATOR
POR DISPERSION MATRICES AWD PRIVCIPAL CONPONENTS

G. L1 and £. Chen

4 and their p

are basic el in 1 data 4 Yet, the classicsl
of thase are very sensitive to owtliers. In recesmt
yoars, robust 4 have been and lod {(eee

1), (31, (4], (®], §9), (100, (24], [15), and {16]). The prchblem seame

to be that po one is really satisfactory. The matvix elemsnt methods are

not orthogonally equivariast, do mot even to ap
detinite matrixn, and are very difficult to stedy thevretically, while

ivariant ot 1 matrix have quite poor

breskdows properties in high dimension.

with (2), ond
asd thelr principal compon-
(see 12}, 151, 6}, (71,

a new type of

This peper, tog

for covariance/, i

ents. It uses & ! (1))
1111, [121) with a robust estimste of scale as the projection index. So
we call it the ROBUST PP-ESTIMATOR. Its ides was originally raived by
Wbar (see (101, p. 700 and pp. 203-204).

The PP procedure deals with high dimensional data: it searches low-

Sugpose thet X ~ Fix) is & p-dimsasions] remdom vector and that its
10oation 15 knows in advence and fimed at 0. Our rebust PP-estimetor warke
as followa: 1at 8(<) bs & rohust estimator for scale, which is wewally
weskly contisucus, and & € 27 be & vector. Demote the distribution
fenction of a”% by 72, or £("N) vhem meeded. The estimstors for princi-
#ol compoments, 1 terms of functionals end demoted by 8, (r) and A, (7}

@ €1 <p), are Mofined, either woing the maxinising procedure:

nm - ‘;:‘ sy

AP ea,  vare g lel, sl . s® .,

s,Mm= = sot,
toiel, ala,
Ar) =2,  vhers layh =1, s, 1a, l(’hitl’m .
e a.n
Syt - ';:l sty ,
EMyeneelp
a
A ma, s la ik oo lepns gy ST
o, m.

8, - ure') where  lo i =l &l a0,

l,(ﬂ-%u
or waing the mininising prooedere:

dimensional projections vhich meximi an cbjective functl
called PROJECTION INDEX.
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s’m-'-:-‘urf). Slomlstion resuits 18 13} show that these rebust PP-sotissters own-
al=)
- o gure Covershly with the hest rebust estisstern which have heon progosed
- ) -
A’(r)'e’ vhere Ig'l 1, s@™ l.m. Sefere. e | N » - N Soton § -
; wvan oguered ervers) as these dest wnes wiile esdd & Nigher (empt
; broshdows paist.
5,0 - min na"
.: | m-l This paper, 00 & of the otuly (2], prosunts some
. paenoll,
. S thesretionl resuits. Sinse sk eemtinuity of 6(+) ie required, Sectiom 2
. [
l’(" =a, vhre 05,! -3, [N S g'. eeer By ll!") - I’GD . chows thet the i [ = (] of soale are
i; % weshly centiowsus. Then 35 Duw.tien 3, we prove that the Pe-estimster is .
b 8 =sr) -‘-uigli-l. LR Ty A |
P erthopmelly oyniveciont, end thet ot am 1 ng &8 1® {
lllﬂ-gl- 4s ales sspugtatisnlly offinely den 4 18 to the
cnsistensy st aistrilstion bodenping to an elliptic predablifity deasity
fhen the for the coveriance wetris, b ), 1o Gotined i o
. tanddy. ivy and L are & in s.
It i chewn thet the gubuit PP-cstimates sve weshly cumtimweus at slliptie
tm - § s, s ma,m® . .2 and thats hreshiown point can be se Mk oo 1/2. Pisaily, ia
1=1
Sectien 6, va sahe seme Folevent cammants.
Notice thet here we can wes “mex® ("mia”) isstead of "swp” ("int") sincve for bovh the and b the prosts
Sinoe, ”»
-u-—thnl(-)l-vnnyeuum.hl--yr.l(ﬁ)lll o -t the eontinuity ere il the amme, in .
eguivariance, csweisteney weak
continuous function of & (see Lesms 4.4 (1) below), so theve always exist 3 ant ¢ ond in the fi 2 v Y m S we dlscuse oaly A the
s, ¢ € p) vhich resch the maxismm (ninieem) valwes in (1.1) 141.3%)) of the neninistay presedure
on the iy rosh
Obviously. i
1
IR EE N L N <1<y . "n." !
|
5
8o instead of l‘(') we often conelder A,Ml‘m’. Woveover, from (1.1)
T0L.1°}) one con see that A, ("I, )7, hence $(2), aay mot be wniqualy
0 v every of A‘GM‘("' and ).
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te 2. Perther Study of W-Estimstors for Scale 3 Proof. (1) e very essy and (2) is £ trom, for

It is shown belov thet the robest PP-estimators will have good proper- tamma 2{1) i» Lebmasn'e heok (see {13), p. 70).

' ties wh the projection index, sn sstimator for scels, is weakly Wow we prove (7). Demote ibvy mstric by & (+,*). Per say smsll € > O,
continuous and has & high breskdows poist. Sisce N-estimstors of scale are
both sisple and 1 hence isp this ton dis- "Q.) afre. oQmry < e} .

i 4- cesses their weak comtinuity and Leeakdown poimt.

It 4o eany to chack thet

I Let F(x) be fomal &1 function, aa
' L for scale of ¥, denoted by S(7), is defines by sa implicit equation TE O W) - PO .
2 .
S I‘_._:,:'_')‘"_,_G' Without lesing gemersiity, we sotums that thers exist x , x, 0 < %,,
N LY < =) antislying
: Oeuwally x{t) is even. S(F), of course, soate (] ~
P, fm)ec, Ramper-c.
- 2
= l ; As,r) = | ,(_) -n) @.n st
A I ( ] s € n *e
. ‘ i lm-r xeo 2.2 N et -« e
o i rix) - ri-= o) =>0. 1 e 2.9
3
‘ , 3 S0 8(F) ie a sero point of Ae.F). Pix) il the detridution function of (] z€o
’ ' \ & Ix] 42 x ~ Pix). i 7ytm « 4P meer o ¢ e<aca ¢
Co h : > -c.
b LAOR 2.1. Acmme that X{t) is even and inoTeasing on t > 0 and
I ‘ ! AMs,¥) emists for st least one s € B. Them Tea tor oy PE P, . frem (2 1t Eullove that
L .
4 ay Ae,?) = Afe,P). -
+ Ao o it ey = | S) @001 ¢ cxem
, (2) Tor any tined P, A{s,?) i Sscressisg In 5y for amy fined ®, b\
! r -
A(0,P) is stochasticelly incressing in P. . of (?) o oo - f (%) awm
(3 If x(t) te aleo comtinesus and bownded then A(2,P) is contimeows |
3 1a & and weskly continueus in P for every s fived. . l.' (?) ®yer) v exem < f (%) a#yce) + cixem-xion .
)
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<f [,(%) - ,(-‘.i)]uom + Zeix(=-xto)) + l,m()(f) - xm)

-0 c-0) . L]

TWEOREN 2.1, Assume that X(t) ia gven, contimuwows, bownded and
lm-hqeuc>o¢nlmto<l(f°)<-t--l.”lyhn.l. Then

8(P) is waakly continuous at lo.

Proof. Assume that '-gro. Put
l‘-l(") 120,12 2 ... .

”-,umulynnpmuu-.ro) and thare exist »° and »*
8' < 8y < 87) Sich thet, from the mosotomicity of A(*,F,) and waiguences
of ll!ol,

Ml".rol <9< \l-',lo) .

From Lesma 2.1 u(ono-mem,-y:>o.mmu t.ll'<ll<

...<!.-l'.“l~‘0. ouch that
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e -
l"ﬁ 't €
Ms.) = Aa,P) 2 Mar) - 'n (;) ‘o"‘“ + e (e)xt0)) 0 Ay, o) - Ae,,P) <3 tel, ..,
?2.4)
« - £
- ,(tT-c) g - s:;) o - ’(‘T‘)"a“’ + eyicigior Doy - de ot < 3 " M, Lm0 ..o m,
o "2
and also 1
> .(5?-) o) - r,m()(f) - x«»)-:txH - xton . g
Autr) <o <am ey a>wm. 2.9
Thus for any 0 < s < =,

Swmos, for any &, 9° € 0 € 0", there axists an 1, such that

e Sece, .

Tan (2.4) gives that
Ma,P) - Mevg) € Me, 1,00 - Mty L00) ¢ A, LX) - Me,Py)
<Ee e -2 ol <o
N-.r-' - lu.r‘) > uz‘.r.) - ln‘,r.) LR U ARS T EA
»-%- ;-- - .
Nat ts, (Ae,7)]8* < 0 € o*) in wookly opicomtinuces at 7,.

Bew we claim thet -.--.h*ﬂ. 2f uot, deosuse of (2.3), we

-"..‘o’.
Wims, M“h.md-..m-.,,”&n
-..*lf...
.mmm,mum_—-munun-.nuv..

Aurg) - Ma May ) o U (e, - Moy il = 0.
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with the wi of ) 1 "<- <s then, motice thet Px, < ixl < sk} > 0
This $(Fy). Wence T 'Y ' » L =! oyl .

'"n' . l(?ol (L B L]

Wow we consider Meber's of scele. That is the cholce
- INEEY
xtr ={ . e
-8 lei>x
with &k > 0 and
=] Caarly - wn
Ty 1tDK
whece $(x) is the Mosmal 41 !
® <8 <% ant x(t) 10 oven, - omt>o.

so it estisfies every condition in tesma 2.1. Purthermore, ve have
TEORER 2.2.  Asswse that Pio) = F(0,) - P(0) < 1 -% » them
K’

1) wuber's S(P) is uniquely defined and O < B(F) < ™

(2} 8¢} ie waekly continuous ot F.

pest. Pet
2" wpixin > 0, Piny -rio) =0} .

o< 2,

- -9

..r - ) o n?
e ’l-lm (‘i amer 'l-m-

- e - 8ertarloh -0>0. .9
Illho

2
Megn) = '5 Slat <o (q) b

)’ om ond

. £ ) -
"l"""'f ('a o -8

=l > sk 3

-« ¢
=l > -ll

2

S cmenn®
Z %! s, 1}

- l‘.‘o" . (2.9

It is cleaz that

Ua Mo, = -8<0. (2.10)
"

ww (1) fellowe iamefistely from (2.0)-(2.10). And (2) is a mecessary

of (1) end 2.1. [ ]

of scale has been worked ouwt in

™he polnt for
the wousl sense (see {10}, p. 110). But we need to edd something elve to

serve owr Pox we a1 it from the begimming. | |-

Suppone that X(t) §5 even end {ncressing coa t > 0. Yhem lemma 2.1
holds. Put

) = xt= - xt0),

(2.3 J
A7) = 1@ Ae,?) . 3
[ adad

Conslfer the gross exvrer sodal i

e (l-t”. 48 .
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Since “S(F) < = for any W" implies that A(=,F) € O for smy ¥, v have
Aw, (1-€IFeed)) = (d-edxio) ¢ ext= S0,

a at x. Thie is

whare 6. isap ey ing

oquivalent to

t<-ﬂ%’-"l'

It is easy to show that if Ixl < =, thea

c<-ﬁ%’-- S <= for sy N.

Cowvervely, if ¢ > :ﬁ%’- . then
N=l e AmP) >0 © SR ==,
Sometime we hope thet S(F) > O when 7, is mot dspemerate (iatc 0). In this
case, 1if 8(F) > O for any N, thea
Mo, (-c)reed) - (1) (R f0lx(mst1-rolo)ixem] + cxio) 2 0 ,

t.e.,
r’(olxw)

[ 1 'i;t + ii:i’a‘iii' e,

2.1

€<, w0, (1-6)2,0¢8) > 0 = 3(1) >0 toramyn,

On the other hand,

€> e, w0, Ut ) <O S(1-eyeed ) = 0 .

As wa will see in the end of Sectiom S, it ie imgortamt thet $(¥) doss met
4 & Thet

aisbehave 88 a projection index for pr

means, l!r.hdlp-m {into 0) then S(F) = O for amy 8. his isplies

thet
Ao, (-etrgocd ) = (1-€IXM0) ¢ ext=) SO, .10
that is,
< -'al- e e . (2.18)
Alse
t<¢,~lh..ﬂ €O toramym » §(F) » 0 for amy 0.
Comversely, it
<> €
then
Ao, (1-edrged ) = Mo, -edbyted) > 0 estil- )by >0 .
A Wuber poisted eut (ses (10), p. 110) that we cem weuslly disregard
he escond 0w that for the t-costsmimation model,
the poiat ot & fer scale is

t'-w.

In the onse of Myber's cholos,

Ry

[ )
v wa ses chviowsly that for any evem X(t). the breskdown puist of am i~
estimater Por scule is as Migh &8 1/2.
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THNOREN 3.1.  Nobust PP-estimates B, (F), A, (F)

and §(7) ave all orthogonal squivarismt. f.e., Jet P be any orthogomal
watrix, X ~ rl(xp and ¥ = PX~ 'z‘!" then

’l"ﬂ) - .l"l,

Al(") - ﬂ‘('l'

tery) - mrl»" 122,2 .00 P

Since

Froof.

5,070 = max S(LEW) = mx oL
tale1 == laley -

§ t .
. 1 i -
$ & b - —— e = R e e i+ e e - -
i ' . - e e
¢ P ] . . .
' .
i - - ——— e - -
) d—*—-_. — — - T
‘ ' T i - - -
i l :
|
| —
!
i
- aen mmmers sl s - -
-4~ =38~
3. Bguivariance Thas
The study of robust estimators of coverlance poses a problem: Row to I AREN AR ﬂ’ul("),!ll-ll!“ﬂ.l"n'ﬂl .
Ade & L ¥ “hich wnder coordinete chanyes the L.,
same way as the classical estimator does. It is importamt to establish W ARY WX
oquiveriance properties of a nev estimator in order to show that it ie,
truly, am estimstor of dispersion. This mectiom shows that the robust PP (3.1) end (3.2), ¢ follows thet
40 have tance propertt ‘ Gr) = m s o ma siglon®H
sl =2 lete1 =
As it is mentioned in Bectiom 1 that this paper considers the pure !1.‘“" 2"!.1".'
dispersion prables, i.¢., assume that location is kmown and fiwed at 0.
Also, we assume throughout that 8{-) is weakly continuous. " . ‘-.:" 'l(ﬂlg)'ﬂl - steg’m - s,y .,
-3
Macalling that A () and § are not waiguely deternined, we wee then trat = 1 : Y amy
to dsmote any ion of those 4 . i
' 5,00 = 5,00 = oLl - slgton, o 0T,
Hel, 3 cco P .

Rl 1o Uil L U .
And o0 e, W& have
I XETN X
‘l"' - -‘wl' 1ak, 2 «ccs P .
FERE TN XL N ATY XM
o DU AN X
ettt

-u-an-_--.ul‘. ....l--llh-.ulnd-nlcu
Slotridution T (x) -%‘l-‘(!t changs, wder & csordinete transformstion

ST 3 TEE N X 0.0
18t=1 =
4
e 4 e a1 -
- . .
—

T e e ey e e

T s o sien Bt 5. S
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S g

- R = : S amee.
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P, iato "l' vaes P!. and
.1 1 -1 -1
G.(!) » g ‘n“f’ “w ! ‘l“' - 'n” .

respactively, and that

2er i e ey oy

8o fxom Theorem 3.1, it follows that 48 an estimator frow sample

8, (80.00m) @ 8P 1ot coesp,
At ) = A el ar,
LI RER T A

aze indeed orthogonal equivariast, jwet like clessical estimstors.

Seppose thet Fix,V) bed to a p-dimensicn elliptic Mey
donsity Camily, d.e., r(!.ﬂ has s density l(!.'\
tx = et vhe, ol 0.9
whare ¥ humlmluplpmu-l!.(!) is spharically symetsic
{and mondegenarste, of cowsse), i.e.,
Eolnt = Lotinl) . 3.0
To prove the affine equivarismce within an elliptic dameity family, w
noed
LEOA ).1.  Aseuse that p-dimsnsionsl rendes vector X hee a spheri-
cally sysmetric probebility demsity f,,(!) - l'(l‘....,-.p - l.(l!h. et
gtx) = f L R R 3.9
be the marqinal demsity. Then g’! ~ q9(n) for sny wnit vector g.

-1

Fmosd. Por tmy uait  Cined, 1ot P be am orthogons! matrix swch

that
»-(9)-
mtp reme .yt
#lace ¥ has & prebabitity demetey
tytp = wet e 0%ty - gl - i

it is femsfiiate that
Srer ~om . .
wk '.M e pechability distrimstion tunction of tctl\ i Lot Cixd
5o gini’s (ves (3.5)). Prem temme 3.3, it is straightforverd thet

8,0 = s stru's) = 30 T I S

‘ol =1
SANm)..a
od ey ot of octhesaceal Mg‘. “ve !'-A - 0.!(!.\. [ u'('.s.
Withest leeing gesecality, wo asowms thet
s =1, 3.6
e,
tog -1 s ogiamon w )t sy, 0.n

Alos, Lemma 3.1, topether with the esule egniveriance of §(°), yielda thet
te gy 2o, ave,

st - e(ier %-;-;'-)] - tol . ..

i e s
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Woncs, for any msber of the eliiptic family Fytx) = Fix,V) (see (3.3} 8o fax, ws have proved
and 13.4)1, put
WRONEM 3.2.  Within amy slliptic probability deasity femily, robest
LA .9 for fance metriz $67), oo a functional, is affisely equi~
t-w', veriamt. In detail, aseums that X ~ P(z) balongs to an slliptic demsity

i I 19 wsually called the peewdo-covarience matrix of 8. lat
ll>lz> )l,>o hmm-dl-lg). PN

tng to Ayy ooos l'o respactively.

set of iy

'lnlnmtlorme_ltl.,
' s0d - s(2a’y - LTl « Wl .
Therefore, simple algebra gives

- - L - , -
s, - wex suh ) Ivia| = Vel = /AT,

lal=1
| W ST

} s,ir) » mx sud) - ",!z| 5.
i Igl-l

, ala

| ary =,

-/,
l’('v) '

‘ Lo .
; I SRE

Consequently,

. .
ey - : sega ran o)t - f Mo oL
.

“‘:‘__,"T_ T
¥
'. |
f .
: : ! Loy
" b
L 1 i - .
v i X

family snd thet ¥ ig any nendigemerates p * p matris. Denote the distribw-
tion of VX by Gin). T

te - gon®.

™
g.-l

e

Under an affing v, an iricsl aistribution F_(x) =
1 !'5"!' tranetosms inte G, fx) = %E boy, 0 elroln. since
!.(!J 1s gemerally wot by & spherical &i: ! r_(p.‘
G,(x) éu wot balomy t0 eny elltptic dletri tently.
estinnte from smple, ‘t!‘.....&) - '('-) is not affinely equiveriant.

ol'.hl‘dﬂ.lll’th

17 the
tamity, then 0x,,...0n ) = ) is ceymptoticelly affisely equiverianc.
Actuslly, suppose I, ..., com from an elliptic distridution rix,v0,
stcneding to Yheoves 4.4,

toy....m) =ty =+ 1 = tre))

%a

3.200
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4. Comsistency at Elliptic Probadility Demsity Family Then
When the data coms from am elliptic probability distributiom, for ’-"—'-’ - ’.‘5’ L
which peseudocovariance has an intuitive intexpretation — the shape of the
Preof. Wotice thet
underiying ellipse, it is possible to show that the robust PP-estimators
-1 3
give consistent estimstes. The idea of the proof is simple: it combines '-!0‘.-' .-:.“o' L R N
the mtlmf&y property of the projqction infex 8(°) {dlscuseed ia . ) v ;

3 tor with a .t g this

-3
Jﬂh)-’&'!lh)-IMODGIM)-I(' o) . .
into ion in high ion and for any wnderlying pesudo-cavarisnce bl ° L o= Ll 0" -0

1)
is quite complicated. To cope with this problem, we imtroduce some lasmas Wow we neoé ouly show that ¢he two extrems sides of this imequality comverge

fhrst, then start with some specisl underlying pseudo-covariances to achisve t0 80ro vhea 8 © @, Actually, by asswaption (4), (1) emd (2), it follows
qQeneral consistency results. that
LEOOR 4.1.  Assume that . Tt *9
(1) 0 1s o compact set tn 2", £} (n =0, 1, 2 ...) are contineces 15, 2,8, - Fytagd] € | £ 200 - #oir el
on 0. s |S,ma) - a0 mem .
[t1) :l:.’n(g) - -’uia_l) uniformly i a ow f. stailarly,
(3 ror nncn (hn=0,1, 2, ...), there exist [N such that ".(!.’ - "o";lﬁ" -0 o . -
J‘(gn) = man J.(!) as0,1, 2 ... -
" LEWR 6.1.  Under the conditione of Lemms 4.1, 1f @) 1o the enique
{4) There also exist p x p orthogonal metrices ’a such that mainm of ’0'9 on a.' the closure of no, then +
n“-r“no-lr_glgtno) ael, 2 ... . s .
et no=
(hare ve use JAl  trace(AAT) as the nomm of matrix A). Proof. et
RS

by the sspmption (4) in tesms 4.1, we know thet .
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8, €0, Proof.
lh(l.-ﬂ-)-o. [} 1] losing gem .nu-—thta.ulmoan-u— 3
we TOT - =T 4
coordinsts plane formed by the first two azes. 1lat § be the angle #
Assums that 3
m.mu‘,umm.wuvn
'.’n'..!o nee. - "

since gntnncn wns-m.m—th-mug..g...

sach that limo , =0 Thus lim 8, °¢ snd g €0 then sesmptions
nrem 0 ~ ntes % ~ -

1)-03) give

£ylo) - nl.l:- Sola,. - .I'I: It > -l'l:' Falgg) © Sy .
s contradicts that o, 1 the only senimm of ."I') on ﬂo. Bence

a +a n=" . .
-~

-0
LSO 4.3,
1) Assume a, gltl'. gl = lgll =1, 8, /0, then there exists a
rotation metrix P such that
HQmn
$ =P8 foresy fla u
gl <loyel Ve
(2) Aswame that o, a € o, lo§ = fal = 1, and thet ©_ 15 a rotation

satrin as in {1) such that

a,-ra ne1l,2 ...

MP“~I

(n"')"‘l!n"! n-o= .

-sin §
cos §
o 4

rafl aine °

4.2)

2

It is sasy to check thet P is the rotstion matrix we went, i.e., it

satisties (4.)).

ﬂ)l‘t.-lntllql.mg“g. =1, 2, ...). From ()}

we know thet
cos O -sin §
L
L .h.. eu.n .
[ ] lP"
Gbvicwsly,
!.-09-0.00-!.*!. (4.3}
{ore=) twemy {wrom)
L]
LR 4.4, _M!—I.(!)unmhr*m

and '.(!) n=1, 2, ...) sre the esspirical distribution of L and that

M-estinate 8() for voale ie weskily comtinuous. Them

A e Ao

1) for avery n tn = 0, ), 2, ...) fined, !s is weakly contiwsous

-

hg.ur:) 15 comtimusus is Ot
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2 €= (pﬁlg €, lal <1, n=0,1,2,...} s a.s. weakly compact;
} (3} if "3,,' - |§n| -1, «_:;gn) +0(n+®), then
a 8
sty - s 0 e
| -
, SI™ - S 40 (ne W PG a
L ?ll !Il
} SIFT) = S(FT) 0 (n+ @ P. & a.0.
|
Proof.
() Por any n (n = 0, 1, 2, ...} fized, aseume random vector !-P.'
thus, to our (_:'!~r=. l(l_lt"ﬂ(!".’-t'-
: T, T,
9“ 09! {t + =) everywhere.
H Thus

a, a
rn ~rn M (t+m

% 9y the weak continuity of 8(:), we have
a
‘ l stryf) a0t e .

(2) we have to show that any sequence (atlt-l.:,...l c¥® hasa

subsequence which a.s. I} to waak . that

G =r € t=1,2 ....
n‘ N

1f there are only finite different a, in Intlt-l,z,...), denote these n,
which are the sames by m, then choose & subsequence of u!. samely !t" wuch

i Al

tat g, +Q (t°* @ ada, =a Prom (1) ve cbtain thet

8.
LT RS N CET

Wow asswse that (-tlu-l.!....) [ many af 1 w
mm-lma!'.mgt,.mmt

1_1'.0! and n‘,*- R »=

Then, let 4, is a metric which ssesures weak topology, we kmow
a [) Q
ot -t ~t*
4,06,,.r9 < L ARE SRR A . 4.4
a,.
.-.ol; *P'o N (t° @), tha second tarm of the right-hend side of

{4.4) venishes vhen t' + =, Denots the Kolmogorow matric by “(-.-l.

Pron the Glivenk 114 1.e.,

'“tfl..l) *o,n+w] =}
wnifornly in 8 (I. are ewpirical distributions of M), it follows that

LS X Ter S .
A R AL C A A R R .9

Nemce, the first tare of the right-hand side of (4.4) aleo converges to

serc vhea t' * =, Thes

G M e wem.

(3) As a result of (1), l(l‘=) is waiforuly contisuces on

(altat=1, 0 € ). It toliove tamedistely that
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7o cosplete (3}, we have anly %0 show that iavmes 4.3 and 4.4 wil) i1y ide the in Lesmas 4.1
- 8 ot 0.2 tor srh) ant sy, Iy vhem L
SE™ - s 2O e, Pbae . - o 7 e che Yaetgeeoody
are all Siffeas-k, it 18 cosy to mede A7) (1€1€P) wmiqus on certatn
[ Tostens) thes Lamn 4.2 balde for SE7) and 571, Yhen the comeletemcy
a a
ur:") - s(rS") - lurf") - s o s - nrs‘)l . OF 8,0 and 8 W), bemon §7 ). are almst seralghttorvard.
Wow, Ret F_ tn = 5,3,...) b» the epiriocal Sletribution of F = P(z,V),
We knov al that the second ters of the right-hand side vanishes whean ~
alveady Unullmm_vh.ﬂ,t.l‘.ua‘wumms
for the t ¢ ince 8{*) is weskly comtineows, ¥ is a.s. ~ ~
n =+ = as for first tum, @ *) 1s ’ {ose somsvhere around (3.3) and (3.9)). o svoid the usmecessary multiple
waakl: . 8(+) is umitormly continuows 8.8. on ¥ ; for veritying
¥ compact, 80 ) is 24 mut‘(-}aﬂlnn.”.ne—lﬁu&lmmrm
*
o . th—t--l-l‘l-lmm. 18t G be say Pdlaension distribe-
,“,;') - ,"-5") 20 mn+® P8 a. tions put
we need only LML) 8 = N0,
2,
ar’, r:") 40 nee PG . belglaed -0,
This s straightforvard frow (4.5). . o ~fele€s” ol -1 wtqg..cm b ten .
COROLLARY.  Put lati‘h.yl-lfo!.‘lnu!yu‘
2= falaen’, 10t =2} “we sew = wly, .,
“.n
#(rD) weakly converges (2. & a.u.} €0 SF) (n + @) wniforsly is g on Q. w v iw)=n,
ware l-‘l - l-glg € -.l. for simplicity. we call swoh a half of a
1 4 Lesmas 4.1 and 4.2 say that wader certain comditions,
foughly speaking, Nyporsphove a SKEN WALP. hu(l.n.nm_tlxl‘mh-ul-ﬂ
[ inte of "
the aaximm values and the maximm poinf . o vantom point of 810%) over b, amt
0 the maximum valoe and the maximums point of the limiting function. Yhis
8,00) - wax 8 .
would be the basic ides of the consistescy of our robust PP-estimstes, since e » L)
S, 0. A(F ), 8 (F) snd A (F) are seximum valoss and maximm poince. et
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and lat [ be any valus of l.(r.l in & certain shew half {we will specity Cbvicusly, 0.“ ® 3, 2, oo p) SORioty (4.7) and

it later) of the (P-i¢l}-dimeasion hypersphere, asd t- ba the associated %y
s‘m-—ur'v-urndj tel, 2 .cup,
wvalue of tqrn). ¥e sre going to prove the consistency step by step. p‘ -
uety . w¢§ .
THEOREM 4.).  Asoume that A, > 1, > ... > A >0, them
L4 hm.g‘heh-_—h-dlﬂ!lni‘.
PRREEA ‘ By
, in 1 Por proving 8, < 8(F ), ve have to crests the cunditions (1)-(4)
! Ylin TN o " sae . voruired by tamma 4.1, Actuslly, ws heve achieved (1) and (2):
- munuuuu«.mmmmnume'umhn
-
" & o @ follove by taame 4.4 (1).
Proof. First of all, we adjust cur probles tv lamme 4.2, 88 we have ) e a1 ot ¢ 4.4 Wee to1d s that
montioned before. Since the eigeavelwss ' , ..., A are all diffesemt,
‘ ’ lth:) -ty e. a8
o d

A‘(r) has only two possible valwss ta, umnmcuw
.- fala € . fatel, Way....,0, .} say Q). containe only cae of the twe wifernly tn g o Q.
seximum points ¢ 5‘. We chaoss o‘ containing !‘. Lewms §.2 aleo requires

e whall verify assuptiona {3) aad (4).

!

i
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‘ that the maximums is unique over the closuse of that region, so we need to
i

Per i+, it iv olwiews: uu-nlm--;‘-wh-cw!‘n -t

make sure that
. o, ~ma sl ,
l Specifically, we chonss O, wach that 0, is ita “ceater.® I detail, let v nesd ouly chocss B -8, = 0, a4 P = 1) then by lemmes 4.1 and 4.3,
. - {a} o )
; R AN
R = fallatet, a%aco, te1,2,...,p-2) a%a_ >0} U Q ., <o -
Oy = laltate1, o"ay R ek % % r
. - (allai=1, a%a e0, 1e1,2 35 o%a_ ol U b o
’ Q'_’ aflai=1, a'e -0, (LT gL P op-l' Ba 0
: e “«.n
] ] Cunslder the cese of i=2. et P, be & wotstion metrix es in
0, = faliai=1, a'a;=0, a%a, > 0l U g,
Lasme 4.3 such thet
. ¢, * laltat-s, %y s 0b v, .
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%0 * N1t DY
no= P &a.e. .
and dotine !h..!)
0, =» 0, ={r ala€q).
m w2 ol : hmd 20 en. Weaoce, we ehtain thet
Ghvicualy, 0, i a skew half of {aflgl=), a 1 g, ) ane -‘.nll:
2 mom P, & 2.0 L=, 2, ....pP .
8, = wax S0 . | "
Qn
Soking the Sifferemt sign of A (P ), A (7 isto acosumt, we'd hetter
Plck suy meximem of $(PD) in Q. . namsly g,,, thea for cbeaining 1w
urite s
s, = /X
n 2 L 4 r
X I NY YW N Tl 28y Wew  sae. .
% %
Han it follews thet
ws noed only show that
Pt nom ?sas. :-"z":-!l"l *X (aew . s a.0. . .
Mull!ollult‘!‘.ﬂs‘ﬂl—hl.l. 1 hee auitipie o) Iues, W be the " .
u-lluly.ncn!hl.mnu-—uh".nh_l.innn o et we ssa + eay wot of
[V orthonsensl besis of on cigun subapase cen b the eigemvecters ssseci-
Dafine wtad with the eigun cudagace.
[ L
o e s 6.2,
then
) hosams that A s A o .. o d 29, them
.h~-m§i-ur:"') 12 L
93
oA [ i Ry T B LS
where a,, € 0y, Al g, = q, sives "ees .
l. - nee
L (LR ] P &am. . i
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1) howama that A, > A > Sh SR e = >0, tem Than ve bave
-u 1.2, ...
R % mew) P.sas Lol 2 P, b T T P BT * o
a,a <aa mem Poess te1,2 x o "l.
2,97, * 2% - S e vk, 8y, =~z 30D oo 'R P TN
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Ouing Lemmn 4.4 (3), W have
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for any ¢, lgt =13

and for any versiom of A (F), semely &, (4 = 1. e cans PY
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sy = T -y a€Q, - ot
P - . are sans sther ot o things will be ssre compliceted.
Nt o " sam. , e ddesuns the euse that the Lavgest sigeavalus is the only ene of mltipli-
elcy tiret.
we chtain, following Lemms 4.4 (3),
=1
[ ) [B N A= =, A ees .
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Then
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1 4
L[ te omcte ™ mel]
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nee, P, & a.8.
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As we have seen In Theores ¢.2, vhen the mmallest eiguwvalve is the
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Wotice that (4.16) and Lemma 3.4 (3) topethes ive 11 B, is cometrected tren iV, ., g:-" 1 the wey of (6.9),
@ er b, LG o L g s o oy
. = 5. Yn * Ppeaate On e ™ *i-1a01n B " iR
vy [ LR 2 PIRYeP | 1)
tming this fact and by some logicel sroumentatism 1ike the cese of P, . 84
14.10) wi1) lead ws to Pllim 807 2 < /K713 0. This 16 & comers- on g, €0, '..';"'E""'.' o
e
' diction with (4.17). Therefore, w
, e " T |'|.|.!u"
. L n>m P. &a.8. .
In order to N our we weed te ity two dagportent [tiii] Duu-m-un-hl-l.l-‘nn
W W ) "
cactes 'h.'l-’h' Qh,,‘m,...,g-) lnl”‘!-fl.l..
.1 -} L.
w lhg‘_.nlt!.mmlm L.Mlu . then we can shew thet
' 19 Getined In (4.9).
]
i ™ et @ o AL Y el B el me,  Rsas
i SRR N kedod, coco @ o ale . ... 0le) are ertienerast verters 1a &y
n @
‘ then (8, 0,0 P8t o 2,80 1s e erthemocmal bmats of WP, @ b s g Pt ey
' Mctaally, the datinticn of 3, ond o)) tephies sl = rlell) €1y Pt e P B, m e s Wm0 8 beata or WP, for
S Mt (019) fapiies g Lo, g lg,. THie result end temme 4.3 . Lo % ees .
' ‘ vield #ov v ove thet (a) hes slresdy provided
-1 -1 -1 -1
' Tatia %t AT fatia Chy 0 Tafhe d Taty, - 5/t Bed Pses 4rLL .3
Setinttion 2 ... et » thet
b on v ‘m““ . *m T W Volng the matind §a (4.12), (a) and @) tegethur yiedd
P Wt Sanr Palia e cno PSia') 10 @ baste ot ¥, )
: Surpose ve have show 8, S /K, B et mes, PoSem ‘L » .‘ gl mem seee .
) ta%ie

Sialler to the case of | 1, we osn Cind 'In' I.unﬁ‘..g o By
....»alr‘.. ouch that

® =1, i1,

A tor veritying of
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.ha,AT for i=0 &1, cios By, ®e1 2 .00, t-3), v Tegaet the sime procsure
(LI ] A=230, ...op ». & a0
e fog i}, ... ’ e
ghg:_ '!‘!: - L) - ¢+ Ty, GuCNPL ve have to des) with ll.!...l.

it is simost the same a3 in Theorem 4.1. Gince whes i, (o) tells wes

after obtaining (Y] gh. seer Gy despite a rotation l'. it is soyup-

f totically identity matriz when m < =), ws sre actuslly retwening to a
where the ef l“l, vens l’ are all differemt. L]
Wow we can have the of
THROREN 4.4. Aseums that
! A e o=d D) LRSI R T S 3 ) LETTR R !
i 1 1, 7 T 1, LR | 1,
!
} vhere l' P, Them
i -hon; n o= P. 8 a.0, 1o8,2 .cco P,
hea . 1 -
Sn%in 98 o= P sas. R=0, ..., t-1,
l ter, 1 ter 41
({81 ]
’ !.-! [ ] v. 508 .
L4
N Prgof. Por i =1, ...o by, we do elther emactly as in Theores 4.1 °
-~

- lll,-l.nmlyuhl&-—l.)"l"l. Then wve will have

II.Q’.I-“.I % ..”.-lmu-nuh-nc.u.um
and, of cougse, wve have to wse the results, as in (4.20), vhich we heve
ebtained. -

Sinoe (l.nuhuqmun‘m in a shev half of the whele
{p-iol)~dissnsion Wgperaphere. (4.13) is sctenily
UL ART N B R Ry

':Z:‘ s a0t ‘:}:. s e’ keo, ., et

LI ARS mew P sas . .

ow censider ubes‘s cholce fer 8(-).
fanily end I_le are the apiricsl Sistribe-

1f Piz) ie s nenber of an

webability
thens, then, sbviewsly,
o) = rlee) - By = 0
- tox sygCoP, g1,
o) -fn) -Zm e oo
Seace, sseesding %o Thesren 2.2, 8{-) io really miqumly &ofined, Cinite
ol ond weskly alesst surely on W (W is given in

.‘.-/f" temma 4.4 (3) ). This Gsens thet every cendition W seed for Theerss 4.1

!
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TUROREN 4.5, If $(°) is Wuber's scale sstimator and F(x)bealowge to S. Quplitative and Cuestitstive Sebuwstuses
an elliptic probability demsity family, then the rohust PP-estimstes for a (1.0., weskly contineity snd
covariance matrix and its 1 are conai . &a.s.) breshisun point) 1o @ilocusesd ia this section. It is shown first that the
in the sense of Theorea 4.4. sohast are weshly
of . o 1 that alth the rohuet PO~ Asowme the p ey & P ,-(!,
estimates A.(r“) .d ‘U.D aay not wniquely he dsternined, they are asywp- weskly cowverge te '. which belenge te an elliptic demaity family.
totically equivalent uhea the data come fram sn elliptic distcibution.
'-0'. ~ .
[
Fotlleed, 1gt =2, 200200 .
TREOMEN S5.1. Asowns thet 5(+) is weakly comtinucus on & and thet
14.19) helds. Then rebust PP-cotimstes s, m,
'.Tl n‘mn.m’ mé § (M ere weskly contineces at 7.
t=g 2
e, Chocking all the prests of Leamma 4.1 throush Theores 4.4,
with the P. & 8.8, »y wn find
that evecy otep will go thavush emoept (4.5). What we need in (4.5) is
thet
a,c:::. ™o SR R LY
vhare 4, sntrises the wesk tepelegy. Senote the Predurev metric for k-
[ als by 4 (=.°). Aocerding to the doti-
aition of 4 (*,*), W bave
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4,027 < wnele > ol < o) o terat Ac S

Ciatle > olr < ey ¢ roran s s)

“ar.n  for amy 11 AT R 5.2

wave #¥ o« (x] tnt ) <8} v ') and @, 15 the Baral-o-alpebes
y€Ew
1s W, Since thie Prohorov metric wetrises the wesk topology (ees (10},
Theogen 1.8, p. 20), (3.2) yields that
r s - Fin) m-a'cr',n -t
-dl(rz.ﬁ\ -9 wiformly in g, gl = 1.

Mnce, (3.1) is also Lrwe in the above OMes. L]

COROLIARY 5.1. It S(-) 40 Muber’s choice, then S(+) iv waakly
continuous on F for any mber of an e1liptic Geeity family. Wemoe.
Theorem 3.1 holds,

Progf.  According to Theores 2.2, we have anly to show thet

v2io) - 2io,) - ey <3 - ;!; Wel wr0Li... 62
Acturlly, since ¥, 19 costiswowe, it is of course sree that
tos ap 3, lub ~1 .

r‘;:(o)-volg)-o<1-:5

Also from, for euample, lLesms 2.2 in 110) (ses (10), p. 22), it fellewe chat

X3 :__: (AT ﬁ (AT X EL

U
47
Thes, we chtain thet
Colov o)+ mem focamr g fal-a.
o, Vesing Sty, we cam mwppose that (S5.3) holde for alp
=0, 5,12 ....
e we ghow thet the rohust MP-eutinetes have such Sigher brsehdown
’ Point Uhem the sffinaly sytiverient estimites, and it doss ot depend on
e dimeneion.
2 Sox any g L d sodel
e (eirg s o8,
we o don of any Jeord _'_u
eenafeal.
And gfrom the Sisovteion ot the eond of Sectiom 2, wa Wave
a) W £ < €, oo (2.12)),
I.M-"'")(O tor aay B, 1o1, 2 .ip P
(Of courve, ¢, = &, (M) dopante on ¥, i=k.....p.} Wws. $(7) 10 finste,
the S o the aythod 1o wed.
It the mminiainy sathof 15 weed, 1ot § 0o suy slven direction amd
Set # put all its muss st jafinity in the Sisection 8, thes
samIwbr e oo coc, .
muce, $7) 10 afinite. But 1f the miniaising sethod 19 weed, St asy wet
-u-u-..cn‘.mu-.-um\mmu-
Slvestion.
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{2y 1f 'o is nondegenexate, tham for swy direction g. Pg i mon-

degensrate, tos. Thus, € < €, inplien that
%
8,10 - s(ry>o tor any ® .

» ~yfore, $(F) is not singular for any W. Comversely, it © > £y lat

B8yl then for sy 3. gl ~ 2, 80T <0, S0, 3, w0,

al, ... ), £CF) = O, Thees are siso the vems for both waximizing

and nininizing sethods.
in some g ..,

m -ntu\-tlurnh

(XTSRRI
Consider winimizing method fiyst. XE€ ¢ < €y then for any N
s« atn se?) spedyaq.
[4 ial=1

4 $imar wob L

4 s S Y, in in a k

(ro(g( tl = 0y, then for any

l'(f| - |r.(" LI "-k‘l(" -0

A'('). saes lﬂd(ﬂ €L

veovided ¢ € ¢, go LiP) does mot mishehave at all.
The mzinising wrthod asy st pick up thyse phencmens, -nu-r,u

Sogsmerate into 0, 1.e., Fo(n » 0l = 1, 1In this case

e esthve toramys.

e, 3,490 0 (el 2 ., p) et $(F) v 0 for both saniniaing

and adninizing methods. St 1L°8 aot an istevesting cave.

P

1o eumarise, w coscleds thar robust Pr-werisstes have st least the
vawe txeabdown goint a8 the projection index S(<) has) that s

Ceooun
It
“hmu—wr‘w 1s ¢ogunerate to a real linear subepece end
the paxinising wethod is aesd. ¢ the ainisizing method asy qive an eoti-
sste wbich day & mssubat higher byoshdown point them the maxinising sethod.
Pofore snding this section, there is one thing wve coght to mestion,
is & weotv) toul for reducing varistion. Wt

lussical v A nay give & toeally wisleading owt~
woms e St oms oF tW0 sukliste oOwer. Wb PR-astisators 40 ot have
this L of their ftivity to ! Eapacisity, from
the diecwsnion 35 (3) abowa, the niniawm provedere would be very hWwlptel
tox tinsar ot 4 fowe 1n Wigh

& i e of the deta honestly a8 lowg

o the fraction of comtaminstion iv Jesw them &,.

[



-50~
6. BSoms Cosmants
(1) Denote the two esti tor the 1 matrin from mani-

sizing and minimizing procedures by t.(?) ad ‘.(ﬂ. respectively. ®e

can define .

a by §,(F), by the aversn of these

two:

Ln-idmetmn.

Megarding the breskdows point, if Fix) fe then
t“m > 0, im this coss, is important. Prom the discussion im (1), (2}

and (3} of Saction 3, we kmow that the breshdown point of r"(ﬂ and B(F)

SN Sl

r,to}

S L

(l-ro(oh =t

TN

for the comtamination wodel © = -0)r, ¢ cn.

{3 1In Section 5, v& mentioned that robust PP priscipe] componamts

themselves can 40 a smch batter job for veriation reducing tham the clasai-

oal spproach. Alse, we would say that wsing tobust PP covariamos, iwnstead
of the classical one, to cometitute a “vobwet Mubalemchis® distance would
wive, boceuse of ite good robwstnese, mwch batter rwewits in discrimination

and ot al.

4} It should he pointed owt that ths wethods weed hare apply im
wone guasrality to the stuly of PP-type procedures.

Wotice thet Lemma 4.1 throwsh lLesma 4.4 have sothing to éo with either
an elliptic probability deweity family ox the affinely equivariamce of the

estinstes. What we really meed are the wesk of the
index () (i Lemmas 6.1, 4.2 and 4.4) and the waiquenees of the samiwem
potnts of 3 on the corresyonding reglons (in Lemms 4.7 caly). Bemce,

Af the projection index is weakly cuatisgous, them st least ths functionsl
for determiaing the first meximes valee (1ike 5,(P} } should be comsistent
polats of wnderlying .

and weskly 4f the
atetrd (1ike esigew LN hore) sre all wniquely defined in ecae
sense, thea the is for velues snd manism pointe L

{3ike l‘(" and l‘m hare) should be all consistent and weekly continuows.

]
. Since t.(rl and t.lr) both are ccnsistent and weskly continuous at any
; wenber of an elliptic 1ty famdly, ¥, o0 in t‘m.
And “(ﬂ should also have the sass eq and b poiat as
l‘m, which usually has a lower breakdown point thea t.(l) has.
The simulation results show thaet the age P tA(P) pe N
on the vhols, hetter performance than either ‘.(ﬂ or t_(r).
( (2) So far, we have mot mentioned anything about correlatiom esti-
: mation which is also lmportant in multiveriate dsta analysis If we denote
!
: the elements of §17) by §,,(1), Loe.,
tin ~ (t”(rn” . 6.1)
. 2 then the robust PP- for 3. ion cosfficients
‘ and correlation matrix, dencted by lu(r) wnd R(F), can be definad by
]
rescaling, i.e.,
; $,.0
. i
' .. r”lﬂ - 172
lt“mt”ml
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